7.3 Electromagnetic fields (general)

Field relationships

. J  current density
Conservation of ap i
charge V-J= T (7.39) f :ilrlzl;ge density
Magne.tlc vector B=VxA4 (7-40) A vector potential
potential
Electric field from 0A ¢ electrical
potentials E= ot Ve (7.41) potential
Coulomb gauge V-A=0 (7.42)
condition ’

Lorenz gauge 1dp ) '
condition V-A+ i T 0 (7.43) | ¢  speed of light
1 52(]5 ) p dr’

. =5 —Vo=— 7.44 .
Potential field c2 or? ¢ €0 (744) v
equations” 1 0%4

ey —V2A=pyJ (7.45) r,.
Expression for ¢ b(r1) = 1 / p(r,t—r—r'|/c) a7’ (7.46) dlf/ voll.n.ne element
in terms of pa ’ 4re |,,_r/‘ : ¥ 1()10/51t10n vector of
volume T
Expression for 4 A(r,1) = @/J(w,t— lr—¥|/c) de’ (7.47) | Ho  permeability of
in terms of J¢ ’ 47 [Fr—#| free space
volume
“Assumes the Lorenz gauge.
Liénard—Wiechert potentials®
q  charge

Electrical potential of _ q (7.48) r :’eCtOT iror;l charge
a moving point charge 4meg(lr|—v-r/c) ' O%Spe(;lvr;ﬁ(;n

v particle velocity
q
~
’
In free space. The right-hand sides of these equations are evaluated at retarded times, i.e., at ¢’ =t— || /c, where r’
is the vector from the charge to the observation point at time ¢'.

Magnetic vector
potential of a moving A=
point charge

toqv
- - 4
4r(lr|—v-r/c) (7:49)
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Maxwell’s equations

Differential form:

Integral form:

1
v.E=F (7.50) %E-ds:—/pd‘z: (7.51)
€0 €0
closed surface volume
V-B=0 (7.52) B-ds=0 (7.53)
closed surface
B Ea=—92 7.55
VxE=——7" (7.54) j{ T (7.55)
loop
OE Cdl— 9F
VXB:#OJ‘FHOGOE (7.56) 7{3 dl = pol +,u060/ o ds (7.57)
loop surface
Equation (7.51) is “Gauss’s law” ds surface element
Equation (7.55) is “Faraday’s law” dt  volume element
E  electric field d/  line element
B magnetic flux density ® linked magnetic flux (= [ B- ds)
J  current density I linked current (= [J - ds)
p  charge density t time
Maxwell’s equations (using D and H)
Differential form: Integral form:
VD= ppree (7.58) D-ds= / Piree dT (7.59)
closed surface volume
V-B=0 (7.60) B-ds=0 (7.61)
closed surface
B Ea=—92 7.63
VxE=——7" (7.62) j{ ar (7.63)
loop
oD Cdl— oD
VXH:Jfree'i_E (764) fH dl—Ifree+/ ot ds (765)
loop surface

D  displacement field

Prree free charge density (in the sense of
P = Pinduced T Prree)

B magnetic flux density

H  magnetic field strength

Jree free current density (in the sense of
J =Jinduced +J free)

ds
dt
d/

electric field

surface element

volume element

line element

linked magnetic flux (= [ B- ds)

Ifree linked free current (= [ Jfree - ds)

time
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Relativistic electrodynamics

Lorentz E=E, (7.66)
transformation of E'| =y(E+vxB)| (7.67)
electric and B =B, (7.68)
magnetic fields B, —9(B—vxE/), (7.69)
Lorentz P =yp(p—vJy/c?) (7.70)
transformation of /

J =J 7.71
current and charge ,l + (7.71)
densities Jy=7(J—vp) (7.72)
Lorentz ' =7(p—vA)) (7.73)
transformation of A=A, (7.74)
potential fields A =y(4, —vg/c?) (1.75)

J=(pc,J) (7.76)

p

A= (f,A) (7.77)

Four-vector fields® L &
2_ (L7 wm
0= <c2 prl \% ) (7.78)
0%A = poJ (7.79)

<

O ' i

electric field
magnetic flux density

measured in frame moving
at relative velocity v

Lorentz factor
=[l—(v/ey]7'/2
parallel to v
perpendicular to v

current density
charge density

electric potential
magnetic vector potential

current density four-vector
potential four-vector

D’Alembertian operator

¢Other sign conventions are common here. See page 65 for a general definition of four-vectors.
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